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ABSTRACT 
The concept of coloring a graph has been shown to be subsumed by that of an 
homomorphism. This led in [3] to the definition of a complete n-coloring of a graph G 
and suggested therefore a new invariant, which we now call the "achromatic number" 
4,(G). While the chromatic number X(G) is the minimum number of colors required 
for (a complete coloring of) the points of G, the achromatic number is the maximum 
such number. We obtain several bounds for ~b(G) in terms of other invariants ofa graph, 
and in particular we show that, for any graph G havingp oints, x(G) + 4~(G) ~ P + 1, 
a result which generalizes a theorem of Nordhaus and Gaddum [4]. 
A coloring of a graph 1is an assignment of colors to the points of G such 
that whenever two points are adjacent hey are colored differently; an 
n-coloring of G uses n colors, in a complete n-coloring, for every pair of 
distinct colors, there exist two adjacent points which are assigned these 
two colors. The chromatic number x(G) of a graph G is the smallest number 
n such that G has an n-coloring. It is obvious that, if x(G) := n, then 
every n-coloring of G is complete. The achromatic number ~h(G) of a graph 
G is the largest number m such that G has a complete m-coloring. Clearly, 
any graph G with p points has a p-coloring, but this coloring is complete 
only for the complete graph K~. 
A homomorphism of a graph G onto a graph G' is a function 4) from V(G) 
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1 We assume familiarity with the usual concepts of graph theory which can be found 
in [2]. 
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onto V(G') such that, whenever points u and v are adjacent in G, their 
images ur and vr are adjacent in G'. Since no point of a graph is adjacent 
with itself, two adjacent points of G cannot have the same image under r 
An elementary homomorphism, ~ identifies only two non-adjacent points. 
If G' is the image of G under homomorphism r we write G' = Gr The 
order of r is I V(Gr A homomorphism r of G is complete of order n if 
Gr is K, .  
The following result is given in [3]. 
PROPOSITION 1. To every (complete) n-coloring of a graph G, there 
corresponds a (complete) homomorphism ofG onto K, , and conversely. 
From Proposition l, we see that every graph G has complete homomor- 
phisms onto Kx(c) and K~(c), and x(G) and r are the smallest and 
largest orders, respectively, of all complete homomorphisms of G. 
COROLLARY la. For every graph G and every homomorphism r of G, 
x(G) ~ x(Gr 
Corresponding to Corollary la, one can state the following result for 
r 
PROPOSITION 2. For every graph G and every homomorphism q~ of G, 
r ~ r162 
Somewhat stronger esults hold for elementary homomorphisms. 
PROPOSITION 3. 
~ofG, 
PROPOSITION 4. 
~ofG, 
For any graph G and any elementary homomorphism 
x(G) <~ x(GO <~ x(G) + 1. 
For any graph G and any elementary homomorphism 
r ~ r ~ r  2. 
G: 
2 5 
5 4 
GE: 
FIGURE 1 
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The example in Figure 1 shows that the lower bound in Proposition 4
is attained, and hence cannot be improved. The graph G is shown with a 
complete 5-coloring while the graph G~ obtained from G by identifying 
points u and v does not have a complete homomorphism of order 4 and 
r = 3. 
The join of two graphs G~ = (Vx,)(1) and G., = (V2, X.,) is the graph 
GI + G2 ---- (//1 w V2, X) where 
x = x~ w x2 u {ulu~ ! u, e y , ,  u~ e G}. 
It is obvious that the chromatic number of the join of two graphs is the 
sum of their chromatic numbers. 
PROPOSITION 5. If G = Gx -4- G2, then 
x(G) = x(G,) + X(a,). 
One can prove a similar result for r by making use of the fact that, 
if G = G1 + G2 and r is a homomorphism of G, then Gr = G1r + G2r 
PROPOSITION 6. I f  G = GI + G2, then 
r r162 
PROOF: Certainly r ) r + r for if r and r are homo- 
morphisms of G1 and G2 onto K~(c,) and K~(~), respectively, then @1 and 
r define a homomorphism of G onto K,(cl) + K,(%), but K~(cl) + Kr 
is K~(c0+~(c,), so that r ) r + r 
We now show that r  r + r Assume there exists a 
homomorphism r of G onto K,, where m = r + r + 1. Then 
r induces maps of G~ and G2 onto subgraphs of K,, such that 
G~r + Gzr -- K,,,. But this implies that both G~ and G2 are complete 
graphs having, say, p~ and P2 points, respectively, where 
p, + p2 = r + 4,(6.,) + 1. 
But by definition Pl ~< ~b(G1) and P2 <~i ~(G2), hence 
pl + p2 < r  + 4,(6.,) + 1, 
a contradiction. 
A set S of points (lines) is independent if no two points (lines) of S are 
adjacent. The point independence number io(G) is the largest number of 
points in an independent set; the line independence number ill(G) is the 
largest number of lines in an independent set. A point and a line cover 
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each other if they are incident. The point covering number %(G) is the 
smallest number of points which cover the lines of G; the line covering 
number %(G) is the smallest number of lines which cover the points of G. 
An upper bound for ~b(G) is easily obtained in terms of the number p 
of points and the point independence number flo(G) of a graph G. This 
result, together with a result of Gallai [1], which relates the invariants 
p and rio(G) to the three other invariants %(G), ill(G), and %(G), suggests 
that additional bounds for ~(G) can be obtained which are expressed in 
terms of oq(G) and fl~(G). Propositions 7 and 8 appear in [1] and [3], 
respectively. 
PROPOSITION 7. For any graph G, 
% + flo = P = % + ~1" 
PROPOSITION 8. For any graph G, 
r <- -p - r io+ I. 
Combining these, we obtain another upper bound. 
COROLLARY 8a. For any graph G, 
~b ~a0+ 1. 
We now obtain several additional bounds for x(G) and 4,(G) using the 
concept of homomorphism and the following inequalities. 
PROPOSITION 9. For any graph G and any homomorphism 4, of G, 
so(G) ~ %(G4,), 
%(G) >~ cq(G4,), 
rio(G) > flo(G4,), 
r i l (G)  > r i l (G4,)  . 
PROOF: The last two inequalities follow immediately from the observa- 
tion that if S is a set of n independent points (lines) in G4,, then 4,-1(S) 
contains a set ofn independent points (lines) in G. The first two follow from 
the observation that if S is a point (line) cover of G then 4,(S) is a point 
(line) cover of G4,. 
Observe that, using Proposition 9, one can easily prove Corollary 8a 
independently of Propositions 7 and 8. For, by letting 4' be a complete 
homomorphism of a graph G onto K~(a), we obtain the inequality 
~o(G) > ~o(G4,) = %(K~(~)) = r - -  I. 
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By essentially the same argument, one obtains another upper bound for 
the achromatic number. 
PROPOSITION 10. For any graph G, 
4, <~ 2~ + 1. 
PROOF: Let ~ be a complete homomorphism of G onto K~(G). By 
Proposition 9, we see that 
But/31(K~) = ~b/2 if r is even, and (~b -- 1)/2 if ~b is odd. Hence, in any 
case/~I(G) ~- (4s -- 1)/2, or ~b ~ 2]31 -- 1. 
Proposition 10 can also be proved as consequence of Corollary 8a and 
the next result. 
PROPOSITION 1 1. For any graph G, 
Still another bound for ~b(G) is easily obtained in terms of the invariant ~1 9 
PROPOSITION 12. For an)' graph G, 
~ 2~i. 
PROOF: If  q5 is a complete homomorphism of G onto Ks(a ) , then, by 
Proposition 9, 
While the concept of homomorphism easily enables us to establish these 
upper bounds for ~b(G) in terms of c~ 1 and i l l ,  it also is very useful in 
establishing the following result involving the same two invariants. We 
denote the complement of G by (~, and for any invariant ~, we will often 
write ~ = r = 7r(~). 
PROPOSITION 13. If a graph G and its complement are both connected, 
then 
o,1 [31 <~ 2 ~- ~1. 
PROOF: Let E1 be a set of/31 independent lines uiv~ of G. Since every 
pair of points ui, v~ are not adjacent in G, we can define a homomorphism 
THE ACHROMATIC NUMBER OF A GRAPH 159 
r of G such that uir = vie, for i = 1, 2 ..... /31. Clearly, since g has 
p --/31 points, 
x(G) -~ x (Gr  ~ P - -  f i l (G) = O~l(G ). 
To prove the other "half" of the inequality, let V 1 be the set of 2fll points 
in G incident with the lines of E 1 . Then V -- //1 is an independent set of 
points in G, and hence G contains a complete subgraph aving p - -  2 f l l  
points, i.e., 
p- -  2fll ---~ cq - - f l l  ~ 2. 
In [5], Nordhaus and Gaddum established bounds on X + X. 
PROPOSITION 14. For any graph G, 
2Vp <~x + 2 <~p+ l. 
In view of the new parameter r and the inequality, X ~ r one might 
wonder whether or not r + q~ ~ p § l, but the example of a self-comple- 
mentary graph in Figure 2 illustrates a case in which ~b H- ~ ~ p + 2. 
However a best possible upper bound can be found for ~b j- X. 
G" 
U Ul 4 
FIGURE 2 
u 5 
PROPOSITION 15. For any graph G, 
~+2~<p+l. 
To prove this inequality we require the following additional concept and 
two lemmas about it. 
A partition (V1, V2 ..... V,,} of the set of points V of a graph G is a 
K-partition of order m if every induced subgraph (Vi> is complete. The 
K-chromatic number of G, x~G), is the smallest integer m for which G has 
a K-partition of order m. 
LEMMA 1. For any graph G, 
x~(G) = x(~,). 
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PRooF: Let Vt, V,a ..... V,,, be a K-partition of G of order m = xx(G). 
Since each ..(V~) is a complete subgraph of G, it follows that V~ is an 
independent set of points in 13. Hence ~,  Ve ..... V,,, delines a coloring 
of G with m colors, i.e., X(13) ~ xK(G). 
On the other hand, let 1/1, V 2 ..... l~ be a partition of V((~) = V(G) 
which corresponds to a coloring of (3 with X(G) = n colors. Then every 
subset V~ is an independent set of points in 13, and therefore (V,) is 
a complete subgraph of G. Hence 1/1, V., .... , V,, defines a K-partition of G 
of order n, so that xx(G) ~ n = X(13). 
LEMMA 2. For any graph G and an)' elementary homomorphism ~ of G, 
X,c(G) >~ Xle(Ge) >~ xK(G) -- 1. 
PROOF: Let 1/1, V,, ..... V,,, be a K-partition of G of order m = xx(G) 
and let ue = vE define an elementary homomorphism of G. Since points u 
and v are not adjacent, they must belong to different subsets, say u e V x , 
vc  V.o. Now if we let I/1' = Vl--{u}, and V/ = Vi, for i - -  2 ..... m, 
then VI', V.,', .... V,,[ defines a K-partition of G~ of order m or m -- 1, and 
thus X,r(Ge) ~ Xtc(G). 
On the other hand, let V~'. V2', .... V,,' be a K-partition of GE of order 
n -- xx(Ge), and let uE = rE be in 1/1'. Since (I/1') is a complete subgraph, 
it follows that either 
E-I(V1 ') = {u, v} or G1 = ,,E-~(V1 ') -- {u, t']) 
is a complete subgraph of G. 
If E-I(V1 ' )={u,v} ;  then ~ ~ ('~ ' zu , ~t.j, V2..... V,( is a K-partition of G of 
order n + 1, hence xK(G) ~ n + 1 = xx(G~) + 1, or xK(GE) ~ xK(G) -- 1. 
Otherwise, consider the sets E~ and E~, of lines incident with u and v 
in G~. Now, if l E~ I = 0, then {u}, V(G~) to {v}, Vz', .... V,,' is a K-partition 
of G of  order n + 1 so xK(G) <<. xK(Ge) + 1. Similarly, if ] E,, ] = 0, we 
obtain a K-partition of G of order n ~- 1. Finally, if i E,, [, i E~ [ > 0, 
then we can define two subsets W, and W~. of points as follows: 
W,, = {w " [w, u] ~ E,,}, W,, = {w " [w, u] r Eu and [w, v] ~ E~,}. 
Then {u} to 
n + 1 and 
kemma 2 is 
Wu, {v} to Wv, V~', .... V,' is a K-partition of G of order 
XI~(G) ~< )r + 1, so that xK(GE) >~ X,~(G) -- 1 and 
proved. 
PROOF OF PROPOSITION 15: It is clearly sufficient to show that 
x~(G) -  r  p § 1. We proceed by induction on the number of 
points of G. Obviously this holds for all graphs having p ~< 3 points. 
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Assume it is true for all graphs having p -- 1 points, let G have p points, 
and suppose xx(G) + ~b(G) > p + 2. 
If G is complete, then X/c(G) = 1 and ~b(G) = p. Hence xr(G) + ~b(G) = 
p + 1, a contradiction. Thus G is not complete and has an elemen- 
tary homomorphism e such that ~b(GE)= ~b(G), and, by Lemma 2, 
xK(G1) ~ xK(G) -- 1. Thus xK(Gr + ~b(aE) ~ xK(G) + ~b(G) -- 1 ~ p + 1. 
But GE has p -  1 points and, by the induction hypothesis, 
X,~(G~) + ~(G~) ~< p, 
a contradiction. Therefore, xK(G) + ~b(G) ~< p + 1, and, by Lemma 1, 
~+4~<p+1. 
REMARK. R. P. Gupta [6] shows states that, for any graph, 
~b + q~ ~ {k P} and that this bound is best possible. 
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